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Viscosity coefficients of smectics C*

by M. A. OSIPOV{*§ T. J. SLUCKINY and E. M. TERENTJEVH

T Department of Mathematical Studies, University of Southampton,
Southampton SO17 1BJ, England
1 Cavendish Laboratory, Madingley Road, Cambridge CB3 OHE, England

(Received 23 September 1994; accepted 17 November 1994)

By extending the statistical theory of rheological properties of nematics, we derive elementary
expressions for all phenomenological viscosity coefficients of ferroelectric smectics C* in terms
of a small number of parameters. The results permit estimates of signs and ratios of viscosity
coefficients and their tilt angle dependence. It is shown that a number of coefficients generally
appear to be very small and can be neglected in practical calculations. We discuss also the
influence of molecular biaxiality on the rotational viscosity of smectics C.

1. Introduction

Dynamical properties of smectic liquid crystals are
more complicated than those of simple nematics because
of the lowest symmetry of smectic phases. The detailed
understanding of these properties is, however, extremely
important in a technological context. In particular, there is
a growing interest in the rheological properties of
ferroelectric smectics C*, which are regarded as very
promising materials for low voltage display devices[1]. In
fact, ferroelectric liquid crystals can demonstrate the
fastest response among all liquid crystal materials. This
response is determined by the linear electro-optic effect in
the chiral smectic C* phase. In the ferroelectric smectic C*
phase the azimuthal molecular reorientation has no
potential barrier and the corresponding switching time 7 of
the director n in an external electric field E is determined
by the balance of electric and viscous torques. This time
is, therefore, proportional to the rotational viscosity
coefficient y4 and inversely proportional to the spon-
taneous polarization P;;

7= y4/P;E. (1)

The rotational viscosity ys is thus one of the most
important parameters of ferroelectric liquid crystal
materials.

In general, rheological properties of smectic C liquid
crystals are described by a large number of independent
viscosity coefficients [2] which characterize different
couplings between the director orientation and a flow.
Recent theoretical analysis [3,4] has shown that the
switching of the director in the smectic C* phase can be

* Author for correspondence.
§ Permanent address: Institute of Crystallography, Academy
of Sciences, Leninsky pr. 59, 117333 Moscow, Russia.

accompanied by the so-called backflow which is related to
a number of other viscosity coefficients. To describe the
complete switching process it is therefore necessary to
have some information about all viscosity coefficients of
ferroelectric smectics, not only the azimuthal rotational
viscosity y4. This information is important for the
understanding of dynamics processes in real ferroelec-
trics, and can be used to estimate the influence of backflow.
We note that, at present, only the rotational viscosity y4 has
been measured for a few materials [5-7] and there is
essentially no information about other viscosity
coefficients of smectics C.

In this paper we develop a simple statistical theory of
the rheological properties of smectics C by extending the
general approach introduced by Kuzui and Doi [8] and
Osipov and Terentjev [9]. This elementary theory will
enable us to express all 20 viscosity coefficients of the
smectic C phase in terms of a few parameters and to
estimate the ratios and signs of these coefficients. In a
previous paper [10], two of the authors have already
attempted to calculate the rotational viscosity y4. How-
ever, these calculations were based on an over-simplified
kinetic equation, leading to an incorrect cxpression for the
rotational viscosity. The present paper corrects these
errors and uses a more consistent theory to estimate the
rotational viscosity.

This paper is arranged as follows. In § 2, we discuss
the phenomenological continuum expression for the
viscous stress tensor and develop a statistical-mech-
anical theory of the viscosity of smectics C. In §3
we derive expressions for the symmetric and anti-
symmetric parts of the stress tensor and present simple
expressions for the Leslie coefficients of the smectic C
phase. Finally in § 4 we discuss the results and present our
conclusions.

0267-8292/95 $10-00 © 1995 Taylor & Francis Ltd.
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2. Viscous stress tensor of the smectic C phase

2.1. Continuum theory

The energy dissipation in a flowing smectic C is
determined by the viscous stress tensor t; which generally
depends on the orientational and translational order
parameters and on the fluid velocity gradient tensor. A
phenomenological expression for #; has been proposed
recently by Leslie [2] with the framework of a continuum
theory. In this theory the smectic layers are assumed to be
of constant thickness and the tilt angle of the director with
respect to the layer normal remains constant. These
assumptions seem to be reasonable for a description of any
real flow in a smectic C cell, provided that the system is
not too close to a phase transition.

The macroscopic stress tensor #; can be written [2] as
a sum of the symmetric part

1y = poDy + wapazDygaia; + pa(Diaa; + Dyaiay)
+ M3CpCaDpgcic + pa(Ducre; + Djercy)
+ psc,a,Dp(aic; + ajcy) + A1(Aq; + Aja;)
+ A(Cicj + Ciey) + AscpAlac; + ajc)
+ ki(Duparc; + Dpare; + Dycia; + Dicras)
+ ka[2apc,Dpgaia; + apaDypfac; + aic))l
+ Ka[2apc,Dpqcic; + cpcgDpy(aici + ajci)]
+ 11(Cia; + Cia) + T2(Aic; + Ajcy)
+ 21t3cpApaia; + 2T4CpA 0T, (2)
and the antisymmetric part
t = A(Dparai — Daaay) + ia(Dycici — Dycicy)
+ AscpagDpac;— ajic) + A(Aa; — Aay)
+ As(Cie; — Cicj) + AecpAaic; — aicy)
+ T Djare; — Dyagcy) + 12 Dpcra; — Dyciay)
+ wapaDplaic; — ajci) + tac,cDpaic; — ajc))
+ 15Ajci — Aie; + Ciai — Cuy). 3)

Here the fluxes are represented by Dy;, the symmetric part
of the velocity gradient tensor v; ; = dvi/dr;:

2D,’j = Uij + Vi

and Wy, the antisymmetric part of v; ;, related to the local
angular velocity of the fluid:

2W,‘j = Ui T U

Vectors A; and C; are covariant time derivatives of the
smectic plane normal a, and the unit vector ¢, which is a
projection of the director n onto the smectic plane:

A;=a,-— VV,»,-aj; Cizf‘i_ W,'jCj.

2.2. General statistical approach

Now let us consider the viscous stress tensor in the
framework of the general statistical theory. In this context,
the stress tensor (2), (3) can be defined as an ensemble
average of the corresponding microscopic stress tensor rg[
The microscopic stress tensor depends only on the
dynamical variables of a fluid and describes the evolution
of the microscopic momentum density p(r) [11]

P(R) = — V- t"(R). 4)

The general expressin for the microscopic stress tensor t™
can be obtained with the help of the microscopic equations
of motion for individual particles. The microscopic stress
tensor is determined by interparticle forces and can be
expressed in terms of the pair interaction potential. The
detailed derivation of the tensor t™ for the fluid composed
of spherical particles can be found, for example, in [11].
Recently an expression for the microscopic stress tensor
£ has been derived also for a nematic fluid composed of
rigid elongated particles [9]. In the case of prolate uniaxial
molecules, which are characterized by a unit vector e in
the direction of the long axis, the tensor tM reads [9]:

MRy =D [3kT(e§‘e;-‘ - % a,-,»)
/1
a , :
+ E ef — Ulet, e, rvu)]é(R —r)+5° (5)
vFE U aej
where #° is the part of the stress tensor which does not
depend on the orientational variables. Equation (5) is valid
for a system of sufficiently elongated particles with [y << [,
where [ and [, are the longitudinal and the transverse
inertia moments, respectively.
The macroscopic (continuum) stress tensor #; can now
be calculated by taking an ensemble average of (5), and
can be written in the form

1R =)y = 3pkTO,(R)

1 a
-2 (1) 15(2) (=
+2pjde de“'drze; 9e?

x Ue", e, 1) fo(e", e, ri;R)  (6)

where Qy;is the nematic tensor order parameter and f5(1, 2)
is the pair distribution function of molecules ‘1" and ‘2;
p is the number density.

It is important to emphasize here that the averaging in
equation (6) is performed with a non-equilibrium pair
distribution function f»(1,2) which characterizes the
flowing liquid crystal and which, therefore, depends on
velocity gradients.

2.3. Stress tensor of the smectic C phase in the
mean-field approximation
So far the expressions for the viscous stress tensor have
been written in a very general form which can be used in
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the description of any liquid crystal phase of rod-like
molecules. The application of these general results to
nematics has already been carried out in [9,12]. The
description of the rheological properties of smectic phases
is more complicated because it involves simultaneous
averaging over the translational and orientational degrees
of freedom. However, the theory can be dramatically
simplified if one uses the approximation of perfect smectic
order and takes into account that the intermolecular
interaction is short-range. In this case the averaging over
rz in equation (6) can be performed separately for
molecules which are in the same smectic plane, and for
molecules which are in two neighbour planes [13, 14]:

t(R) = 3pkTQ«(R)

1 d
+1gp f deVdePell 0 Wie® e ), (7)
2 aej

with

W(e, eV, a) = ajdrlzé[(ru -a)]
X U™, e®,rp) fr(e?,e®, 2 R)
+(1- a)fdrur%z

X Ue!D, e@, ary) (e, e, ar;; R), (8)

where & is the fraction of nearest neighbours which are in
the same smectic plane as a given molecule. The first term
in equation (8) is a contribution from the neighbouring
molecules, which are in the same smectic plane. For such
molecules, the intermolecular vector r;; is approximately
parallel to the plane, (ry+a)=0. The second term in
equation (8) comes from the interaction of molecules
which belong to the neighbour smectic planes. In this case
I = ary.

In the mean field approximation, the pair distribution
function is expressed in terms of the one-particle
distribution, f(1,2)=fi(1)fi(2). In this approximation,
equation (7) can be rewritten as

tiR)=p J deVf (e, R)AF(e) )
with
B = 3kT (eie; — 165) + & % UM, a).  (10)
J

Here UM (e, a) is the effective mean field potential in the
smectic C phase

UMD, a)=p f de@0(e",e?,a) fi(e™,R),  (11)

where

UM, e? ay= o f dri8[(ri2-a)]U (e, €@, ryp)

+(1—-0) f driari, U, e?,ar).  (12)

We note that the distribution function f1(1) in equations (9)
and (11) corresponds to the flowing liquid crystal and
differs from the equilibrium distribution function f{¥(1).
The difference between the equilibrium and non-
equilibrium distributions f{”(1) and fi(1) is obviously
proportional to the small perturbation, in this case the
velocity gradient tensor v; ;.

A = FODIL + (1)) (13)
with the correction
h(1) = h(eV, a)v; ;. (14)

Combining equations (9) and (13) yields the following
expression for the viscous stress tensor in terms of the
equilibrium distribution function f®(1) and the non-
equilibrium correction A(1):

t;(R)=p f de fO%e, a)h(e, a; R)fy™ (15)

where the mean-field microscopic stress tensor is given by
equation (10) in which the effective mean-field potential
UMF(1) is determined by the equilibrium distribution
function fOX(1).

Thus the viscous contribution to the macroscopic stress
tensor is expressed in terms of the stationary correction to
the one-particle distribution function A(1), where the
quantity A(1) characterizes the deviation from the thermo-
dynamic equilibrium in the flowing smectic C. This
correction can now be obtained as a stationary solution of
an appropriate kinetic equation.

2.4. Rotational diffusion equation for a molecule
in the mean-field potential

In the molecular field approximation, the dynamics of
a liquid crystal are determined by a rotational Brownian
motion of a molecule in the mean-field potential. This
motion is described by the rotational diffusion equation,
which has the same form as in the nematic phase and only
the mean field potential is different. The corresponding
equation has been discussed in detail by Kuzui and Doi {8],
and has also been derived from Langevin equations of
motion in [9]. The diffusion equation can be written in the
following dimensionless form:

MF
fi+ e f) = éak(akfl + ainIT fl) (16)

where 9, is the differential operator of infinitesimal
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rotation of the molecular long axis e:

p 9
— € lel ———
k kij aej
with € the antisymmetric Levi-Civita tensor; £y is the
local angular velocity of the long uniaxial particle in the
flowing fluid [8, 9]

2

p-—1
Qz%[VXv]—j(e-[VXV])e+p2+1

[exD-e]l. (17)

Here D is the symmetric part of the velocity gradient
tensor, 2D; = v, ; + v;;, and p = I/d is the ratio of principal
molecular dimensions (we assume p > 1 in this paper). In
equation (16) we have used a dimensionless time © = t/1,,
where 7, = I /). is the rotational velocity relaxation time
[9] and A is the ‘molecular’ friction coefficient. This
coefficient will turn out to be the only model parameter of
this theory. Kinetic equation (16) contains the small
dimensionless parameter € = (I, kT)"%/1 < 1.

The non-equilibrium correction A(1) can now be
determined from equation (16) using the stationary
solution of (16) in the case of small velocity gradients v; ;.
We note that in the framework of this simple model, the
only difference between the rotational dynamics in the
nematic and in the smectic C phase lies in the mean-field
potential, which exhibits the different symmetry of these
phases. Thus, in the nematic phase the mean-field potential
depends only on the angle between the director m and the
molecular long axis e while in the biaxial smectic C phase
it also depends on the local smectic plane normal a.

In the next section we obtain explicit expressions for
the symmetric and antisymmetric parts of the macroscopic
stress tensor and estimate all Leslie coefficients of the
smectic C phase.

3. Leslie coefficients of the smectic C phase

3.1. Symmetric part of the viscous stress tensor

The simple statistical theory of viscosity employed in
this paper is based on the general equation (9), (10) and
(16), which have similar mathematical form for the
nematic and smectic C phases. It is therefore possible to
use directly some of the results already obtained in the
theory of nematic viscosity [8,9]. In particular, one can
calculate the symmetric part of the macroscopic stress
tensor directly from equation (16) (see [8] for a more
detailed discussion). Multiplying both sides of the kinetic
equation (16) by the factor [e;e; — $0;] and integrating it
over all orientations e, we arrive at the following result for
the stationary case:

UMF JUMF
+ e; )>

1= <3ﬂkT(€i6’j — 30+ %P(é’i 2e. 9 50
j i

kT [p*—1
= %e— [ﬁ T (Difexe;) + Dileses) — 2Dy ileeje.ep))
— Wilees) — Wia<ejeat))] (18)

where we have used the property [8] that

fdeak[ﬁ(l)akUMF](e,-ej - -%5[])

+e—
de; de;

< 1% aUMF>
= — €;

and the explicit form of perturbation £ has been
substituted to the left hand side of the diffusion equation
(16). Here the averages are taken with the equilibrium
one-particle distribution function f®(e,n,a). We note
here that the smectic C phase is macroscopically biaxial
and thus the orientational distribution of molecules must
also be biaxial even in the case when the molecules
themselves are uniaxial. In this case, the one-particle
distribution function f”(1) depends on two macroscopic
parameters. These are the nematic ordering tensor
[nin; — 46,1 and the tensor a;a;, which determines the local
orientation of the smectic planes.

As a result, the average tensor {e¢;) is not uniaxial (by
contrast to the nematic phase) and can be written in the
following general form:

<€,‘€j> = %6,1 + S(n,»nj - %5,1) + P(m,-mj h l,‘lj), (19)

where § is the nematic order parameter, P is the biaxial
order parameter and the unit vectors m and 1 are normal
to the director n; m L1 n. The order parameters S and P
can be defined as

S=@G-ny’—1); P=((e-m)*—(e-DX). (20)

The parameter P reflects the additional ordering, imposed
on the molecular long axes by the constraint of oblique
layers. It can be also rewritten in the form

P = (sin” w cos 2¢h) (21

where cos w = (e+*n) and ¢ is the azimuthal angle in the
plane perpendicular to n. The biaxial order parameter P
characterizes the asymmetry of molecular long axes
fluctuations around the director in the biaxial smectic C
phase. Indeed, the parameter P must vanish when § =1,
because in the case of perfect orientational order (v = ) and
Ps(cos w) = 1. It then follows necessarily from equation
(21) that P =0. More detailed estimates of the biaxial
order parameter are performed in the Appendix, in which
we show that the parameter P appears to be very small
when the nematic order parameter is close to unity:

P~(1—58)sin’0®, (22)

when (1 —S)><€1, where © is the tilt angle of the
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director with respect to the smectic plane normal,
cos ©® = (n-a).

In the smectic C phase, the nematic order parameter is
rather large (S = 0-8-0-9 [15]) and hence the biaxial order
parameter can be estimated as P~ 107 2. This estimate
shows that one can in fact neglect biaxiality of the
distribution function in the evaluation of the averages
(exe;) and {eie;eep) in equation (18). In the case of the
unixial distribution the relevant averages are

(eie;) = 40, + S(nin; — 43),
(eiejepe,) = muninngng + my(ninid,q + ninydj,
+ ningdip + ninydiy + ningdy, + npn,dy)
+ m3(84i0,pq + 0ipBig + 0i90)p),
where
my = (Py(cos w)), my = $(§ — (P4(cos w)))
and
m3y = 15(1 — 5 + 3(Ps(cos »))).

Here (Pi(cosw)) is the equilibrium average of the
Legendre polynomial of the fourth order. Inserting these
expressions into equation (18) and returning to dimen-
sional variables, we arrive at

A 2—1
t?j = % [ -2 22 1 (P4)n,-njnan5Da,g
2 pP—1
(- S 2P,
1p°—1
TP+ 1 (38 + KPy))(ninaDyj + nn.Dy;)

— S(mN; + n,-N,-], (23)

where N; = n ~ Wjn,.

We can now transform equation (23) into the form
(2) proposed by Leslie, using the substitution
n = acos @ + csin ©. This yields, after some algebra, the
following simple expressions for the Leslie coefficients
involved in equation (2):

2
-1
po =55 pAZ—— (7 = 55— 2P, (24)
p-+1
2
p-—1
U1 = CtlpT;T COS3 @, (25)
2
p—1
o= cos’ @, (26)
21
B == sin* ©, @n

2

= 1 2
Ha ocop2 1 sin“ @, (28)
2
p—1.
s = %o‘lpz T sin’ 20, 29)
P
Ky = ocop2 1 sin ® cos ©, 30)
2
-1
rc2=cx122+ 1 sin ® cos’ O, 31
2
p-—1 .
i sin’ © cos ©, (32)
A1 =1vocos? O, (33)
Ja=1yosin’ @, B4
T1=1T2= :1;’))0 sin 2@, (35)
)»3 =T3= T4~ 0, (36)

where the common factors ao, oy and yo are defined by
a9 = 5 pAGS + KPs)),
o= — pAMPs), Yo= — pAS.

The 15 viscosity coefficients have now been expressed in
terms of a small number of parameters and the tilt angle
®. In equation (37), the only the microscopic friction
constant A is a parameter, introduced by the model, while
the number density p and orientational order parameters
are typically known for any practical system. It is
interesting to note that in this simple approach the
viscosity coefficients As;, T3 and 74 vanish. This follows
directly from the neglect of the biaxiality of the orienta-
tional distribution function. These coefficients are pro-
portional to the biaxial order parameter P which is very
small, and we conclude that these viscosity coefficients are
much smaller than the others, and can usually be neglected
in the hydrodynamics of smectics C.

One concludes also that at small tilt angles, the
coefficients p, (i, 42 and 4, are expected to be larger than
the coefficients us, pa, ps, K1, K2, K3, A2, T and 12. In
particular, the coefficients u; ~ sin* ® and 3 ~ sin® © are
expected to be the smallest.

It is interesting to note that equation (2) for the
symmetric part of the stress tensor with the coefficients
(24)—(36) is dramatically simplified when one formally
puts ® = n/2. According to equations (24)—(36), in this
case u=w=w=K=rK=K3=A,=1=1=0, and
the symmetric part of the viscous stress tensor #; can be
written exactly in the same form as the corresponding
expression for the nematic phase:

(37

1; = ouDy + o1ciciepCaDpg
+ Hots + o Ducic; + Dicici)
+ ¥ + o3)(Nic; + Nica), (38)
where oy = plo, (s + 0e)/2 = 0ig and (o2 + o3)/2 = /2.
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The strong analogy between equation (38) and the
corresponding expression for the nematic stress tensor
(see, for example, [16]) is not surprising taking into
account that we have neglected the biaxiality of the
distribution function. At ® = /2, the director n is parallel
to the smectic plane and is equivalent to the c-director,
forming a 2-dimensional nematic. Then the coupling
between the director n and the smectic plane normal a is
determined only by the biaxiality which has been
neglected in the present theory.

Thus we conclude that the coefficient «; is expected to
be close to the nematic Leslie coefficient o, (at the same
temperature). The coefficient o must be close to the sum
of Leslie coefficients (g + 25)/2 and the coefficient vy, is
similar to the sum (2, + a3).

One can now deduce several practical conclusions from
these approximate results. In particular, one can use the
present simple approach to estimate the viscosity
coefficients of the smectic C phase using some experimen-
tal data obtained for the nematic phase. Indeed, it is, in
principle, possible to estimate the absolute values of the
viscosities yo, 14 and 4; by extrapolation from the nematic
phase, using equations (28) and (34), the Arrhenius law,
the value of the tilt angle in the smectic C phase and the
experimental values of the corresponding Leslie
coefficients in the nematic phase.

3.2. Antisymmetric part of the viscous stress tensor

The general continuum expression for the anti-
symmetric part of the stress tensor is given by equation (3).
It contains only four independent viscosity coefficients A4,
4s, A¢ and 15 which do not also enter the expression for the
symmetric part of the stress tensor. These viscosity
coefficients determine the dissipation related to the
rotation of the director and of the local smectic plane
normal.

In the mean-field approximation, the viscous stress
tensor is given by equations (10) and (15). The antisym-
metric part of the tensor #; can be written as
MF 9 UMF

€ e, ) (39)

;= 3p f defo(e)h(e)(a v

(')ej
where the non-equilibrium correction A(e) can be deter-
mined from the stationary solution of the rotational
diffusion equation (16).

What remains is only the calculation of the rotational
viscosity coefficients 44, 4s, 4¢ and 1s; we thus need only
to evaluate the corresponding part of the stress tensor. In
order to do this, we consider formally a system without any
flow, and put =0 in the main equation (16). The only
sources of dissipation are now the rotation of the director
n and the smectic plane normal a which determine the time
derivative of the distribution function on the left hand side
of equation (16). Taking into account only the linear terms

in the correction h(e) we can rewrite equation (16) in the
simplified form:
fo= €l foduhl, (40)
where we have taken into account that
fo=Cexp[ — UMF/KT ).

Neglecting the biaxiality, we can write the mean field
potential in the Maier—Saupe form,

UMF(e) = — JoSPy[(e-n)]

and obtain
. 3.7
o =—k;—s(e-n)(e-ﬂ>fo[<e-n>]. (@1)

The correction A(e) can now be estimated by expanding
h(e) in terms of the irreducible tensors composed of the
components of the unit vector e. In the lowest order
approximation one obtains

h(e) = hg(e-n)(e-n), (42)
where hg is a constant coefficient.
Substituting equations (41) and (42) into (40) we obtain
the following estimate for Ao:
A S
KT 2kT + JyS~
Finally, substituting equation (43) into equation (39), we

obtain the following simple expression for the rotational
contribution to the viscous stress tensor:

(43)

h()z

l;,-} == ).o(niﬂj — l’ljfl,'),
with
(JWkT)

T (44)
2 + JoSIKT

Ao = L PAS*(T + 58 — 12(Py))
70

Similarly to the previous section, we again represent the
director n in terms of the local smectic plane normal a and
the in-plane director n and obtain a part of the antisymmet-
ric stress tensor (3) involving the coefficients 44, 45, 4 and
75. These rotational viscosity coefficients of the smectic C
can now be written as

As= Jpcos° O, (45)

As = 4osin’ @, (46)

15 = 1495in 2@, (47)
and

As = 0. (48)

We would like to note again that the coefficient A¢ vanishes
in this simple theory. We conclude by analogy with the
previous section that in the general case ¢ is proportional
to the biaxial order parameter and hence much smaller
than other coefficients. These simple expressions for the
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rotational viscosity coefficients have been obtained
neglecting the biaxial part of the mean field potential. In
the smectic C phase, the mean field potential is generally
biaxial even when the molecules are uniaxial (see the
Appendix, for more detail). However, the biaxial part of
the potential gives a contribution to the rotational
viscosities which is proportional to higher powers of the
tilt angle ©.

From the practical point of view, the most important
rotational viscosity coefficient is As. It controls the
azimuthal rotation of the direction around the smectic
plane normal. In smectic C with fixed layers and fixed tilt
angle the rotation of the director is associated with the
following contribution to the entropy production:

kTS = £nin; = y4()-. (49)

where ¢ is the azimuthal angle and y4 = A5 is the familiar
rotational viscosity of the smectic C phase.

This rotational viscosity y4 has been measured for a few
ferroelectric smectic materials using several different
techniques [5-7]. All measurements confirm that y,
is indeed proportional to sin’® at small @. At large
tilt angles (typically when Tac — 7>20K)), the ratio
y4/sin’ @ is not a constant, but grows rapidly as a function
of the tilt angle. This behaviour may be related to large
biaxiality contributions (mainly from molecular bi-
axiality) which can become important at large ©.

4. Discussion

In this paper we have developed an elementary
statistical-mechanical theory for the viscosity of smectics
C using the molecular field approximation and neglecting
the molecular biaxiality. This theory enables one to
express all twenty phenomenological viscosity
coefficients in terms of a few parameters and therefore
to reduce dramatically the number of independent
coefficents. From the theory, it is possible to determine the
signs of the coefficients and to estimate their ratios. The
results do not, however, permit the calculation of the
absolute values of the viscosity coefficients, because all
expressions are proportional to the unknown molecular
friction coefficient A. On the other hand, since all other
constants entering the expressions for viscous coefficients
are known, a single measurement of one such coefficient
will allow one to estimate A and, therefore, to predict
values of all other coefficients. One may also expect
that the microscopic friction constant 1 is not very
sensitive to the macroscopic structure of the phase and
its value is close to that in the nematic phase of the
same material.

The strong analogy between the statistical theory of
viscosity in the nematic and in the smectic C phases can
be used directly to estimate parameters of the theory. As
discussed in § 3.1, the parameters o, a; and yo in equations

(24)—(36) can be approximately considered as ‘continua-
tions’ of certain combinations of Leslie coefficients from
the nematic phase. Thus the absolute values of these
coefficients can, in principle, be estimated by extra-
polation to a given temperature using the Arrhenius law,
provided that the liquid crystal material forms both the
smectic C and the nematic phases.

The viscosity coefficients 4;. 44, 73 and 74 are equal to
zero within the present simple model. In a more complete
calculation they would be proportional to the biaxial order
parameter. This quantity has been estimated in the
Appendix and appears to be very small. Thus these
particular coefficients, although not identically zero, are
expected to be much smaller than the others and can be
neglected in most contexts.

At small tilt angles ®, different viscosity coefficients
are proportional to different powers of ® and thus some
of them can also be neglected in particular expressions. In
particular, the coefficients u; ~ ©@* and k3 ~ ©@* will be
very small close to the phase transition. By contrast, the
coefficients py, y1, t and 4, do not vanish at the smectic
A to smectic C transition point; these terms also determine
a dissipation in the smectic A phase.

In this paper we have essentially neglected biaxiality
in the smectic C phase. It is interesting to note that
this biaxiality is determined by two different factors.
First, the orientational distribution of uniaxial molecules
in the tilted smectic phase is already biaxial. However,
because the nematic order parameter is close to unity,
this type of biaxiality is extremely weak. We show in
the Appendix that the biaxial order parameter
P~(1—S)sin?@®~10"? and thus can generally be
neglected in the first approximation. On the other hand,
there also exists a molecular biaxiality which is deter-
mined primarily by a flattened molecular shape. The
interaction between biaxial molecules results in the
ordering of the short molecular short axes. This contribu-
tion is non-zero even when S = 1. The molecular biaxiality
has not been considered in the present paper because the
existing theory of rheological properties of liquid crystals
(8,9, 17] is confined to systems of uniaxial particles. In the
general case, the orientational distribution of biaxial
molecules in a biaxial phase is determined by two tensor
order parameters which have different relaxation times.
One of the them is the usual nematic order parameter,
which characterizes the ordering of molecular long axes.
The second order parameter charcterizes the ordering of
molecular planes and must be an independent dynamical
variable in the Landau—De Gennes theory of the dynamical
properties of smectics C.

Since the spontaneous polarization is determined by
the ordering of short axes, the molecular biaxiality can
be particularly important in ferroelectric smectics C*.
Usually the rheological properties of chiral smectics C*
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are expected to be practically the same as those of
non-chiral smectics due to the weakness of the chirality
effects. Indeed, one can readily accept that the dynamics
of the molecular long axes in the smectic C phase can
hardly be affected by the appearance of spontaneous
polarization. On the other hand, in smectics with very high
polarization, the contribution from the molecular biaxial-
ity could be very large. This effect may be responsible for
the strongly non-linear dependence of the rotational
viscosity of ferroelectric liquid crystals at temperatures
and tilt angles far from the phase transition point. We plan
to consider this problem in more detail in a future
publication.

This work has been supportd by EPSRC, grant
GR/H/93712 (M.A.O.) and Unilever Plc (EM.T.).

Appendix: Estimates of the biaxial order
parameter in the smectic C phase composed of
uniaxial molecules

In the smectic C phase the biaxial order parameter P is
given by

P={((e-m)’* — (e-1)")). (A1)

where the unit vector e is in the direction of the molecular
long axis and the unit vectors m and l are orthogonal to the
smectic plane normal a; mL1l{a. The vector m is also
normal to the plane of the tilt. The averaging in (A 1) is
performed with the one-particle distribution function

A =Z 'exp[ — pUM (e, a,n)], (A2)

where UME(1) is the effective field potential.

The quantity P is the phase biaxial order parameter
which characterizes the biaxiality of the one-particle
distribution function in the smectic C phase. The mean-
field potential is given by equation (11):

UMV, a,m) = p f de® (e, e, a) fi(e?,a,n), (A3)

where U(e'",e®,a) is the effective pair interaction
averaged over the distribution of molecular centres in the
smectic C phase.

In the general case, the effective interaction potential
U(1,2) contains various couplings between the tensors
0 = eVel — (113)8;; OF = ePe® — (1/3)5; and the
tensor a;a;. In the first approximation one can write

Ue",e®,a)=/o(Q":Q?) + Ll(a- Q"+ a)
+ (a- Q(2) -a)] + Jx(a- QU) - Q(Z) -a)
+i@-QV axa-Q¥-a), (A4

where we have taken into account all invariants which are
linear in Qff’ and Q. Substitution of equation (A 4) into

equation (A 3) yields the following expression for the
mean-field potential:

UMeV, a,n) = Iiin- Q"+ n)
+7;sin20@m- Q" - n)
+ Lsin’ @(m -+ Q'Y -m), (A3)
with
Iy=pJoS + pGcos® ® + 3 pJrScos’ O,
1= pG + 3pl(3S + P),
L= pG— pJ(3S — P),
G = J,S + J4(35P(cos ®) + Psin’ @),

(A6)

where the unit vector m_Ln and (m-a) =sin ©.
The first term in equation (A 5) is simply the nematic-
like mean-field potential

Io(m- Q"+ n) = 3IoP(cos w), (A7)

where cosw = (n-eq).

The last two terms in equation (AS) represent the
biaxial part of the mean-field potential and can be written
as

1;sin20(m-Q"Y-n) =/, sin20(m-e)(n-e)
=17 s5in2@sin2wcos ¢, (A8)
and
Lsin>@(m- Q%Y -m) = Lsin’ @2Py((m-e)))
=3Lsin’ ®sinwcos’ ¢, (A9)

where ¢ is the azimuthal angle in the plane perpendicular
to the director m.

One can now estimate the biaxial order parameter P,
substituting equations (A 8) and (A 9) into equation (A 5)
and then the mean-field potential (A 5) into equations (A 1)
and (A 2). Expanding the one-particle distribution func-
tion powers of the biaxial part of the potential, we obtain
the estimate

I
P~ é sin? @Jd(cos w)sin*w folcosw). (A 10)
Here the maximal distribution function takes the form
Jolcosw) = Zy "exp[ — flysin® ] (A1)
with
Zo= fd(cos w)exp[ — flgsin? w].
Let us now estimate the integral in equation (A 10) in

the case of high nematic order. Indeed, in the smectic C
phase the nematic order parameter S is close to unity and
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thus the distribution function fy(cos @) must have a sharp
maximum at o = 0. Then the main contribution to the
integral (A 10) comes from the region of small v where
sin <€ 1. In this case it is possible to make the following
approximate change of variables:

d(cos w) =~ — 1dx

where x = sin® w. Now the integral in equation (A 10) can
be readily estimated as

Zy! f d(cos w) sin* wexp [ — asin® w]

1
= —zo“‘f drxte *~202 (A12)
0

where « = I/kT. One can also establish a relation between
the constant o and the nematic order parameter S when
S—1<1;

s—1 :%zo"fd(cosw)sinzwexp[—asinzw]

1
~gzo“f dxxe  *~3a” L. (A13)
[0}

Combining equation (A 12) and (A 13), we obtain the final
estimate

_8I
P ~§<3Tsin2 O — 5 =Ksin?®(1 - SP, (Al4)

where the constant K is of the order of unity. In the smectic
C phase, the nematic order parameter is typically of the

order of 0-8-0-9. Therefore the biaxial order parameter P
is expected to be very small even at large tilt angles ©.
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